Aeronautical Engineering Module Homework for Calculus | and Physics | courses
2024-2025 Fall Semester
Asst. Prof. Dr. Human AMIRI

Multistage Analysis of a Suborbital
Spaceplane

*

100 km Pilot eamns
astronaut wings

Figure Credit: drewexmachina.com



Objective

In this exercise, you are asked to investigate the flight dynamics, forces, and energy
transformations during the climb of a spaceplane along a suborbital trajectory. This problem
involves analyzing multiple phases of the flight and applying principles of kinematics,
dynamics, work-energy, and calculus.

Scenario Description

A suborbital spaceplane starts at rest on a runway and reaches a maximum altitude of
50,000 m before descending. The flight consists of the following stages:

1.

Horizontal acceleration phase: The spaceplane accelerates on a 4km runway to a
takeoff velocity "v;".

Climb phase: After takeoff, the spaceplane follows a linear climb path to 50,000 m
altitude, maintaining a constant thrust “T”.

Parabolic coasting phase: After the engines shut off, the spaceplane coasts along a
parabolic trajectory until it reaches its maximum altitude.

Part A: Horizontal Acceleration Phase

1.

Kinematics
Derive the equations for the spaceplane’s velocity v(t) and position x(t) along the
runway, assuming constant acceleration “a”.

o Calculate the required acceleration if v;=100 m/s and L=4 km.

o Compute the time t; to reach takeoff velocity.

Forces

Determine the net force “F” acting on the spaceplane using Newton’s second law,
assuming the mass M=20,000 kg. Discuss the contribution of thrust and drag forces.
Thrust force is the propellant force which drives the vehicle to move forward. Drag
force is the force opposite to the thrust force which tends to decelerate the vehicle.

Work-Energy
Calculate the work done by the engines during the takeoff run and compare it to the
spaceplane’s kinetic energy at v;.



Part B: Climb Phase

1. Climb Path
Given the climb angle 6=30 degrees, derive parametric equations for the horizontal
and vertical positions x(t) and y(t) as functions of time during the climb. Assume
constant thrust T=400 kN.

2. Forces and Power
o Calculate the net force acting along the direction of motion, accounting for
thrust, drag F,, = kv? (with k=0.01 Ns?/m?), and gravitational components.
o Determine the power output of the engines at v;=100 m/s.

3. Energy Analysis
Using the work-energy theorem, calculate the total work done by the engines during
the climb and compare it to the spaceplane’s gain in gravitational potential energy and
kinetic energy.

Part C: Parabolic Coasting Phase

1. Equations of Motion
After the engines shut off, derive the equations of motion for the spaceplane in the
vertical direction, assuming only gravity acts.
o Find the time to reach the maximum altitude h,,,,=50,000 from the point of
engine cutoff.
o Derive the velocity at any height “h” during the ascent.

2. Trajectory Analysis
Using calculus, determine the horizontal distance covered during the coasting phase
and the total time of flight until the spaceplane reaches its maximum height.

Part D: Analysis of results and optimization

1. Efficiency of Energy Use
Compare the total energy expended by the engines (work done) during the climb phase
to the total mechanical energy at h,,,,. Discuss energy losses due to drag and
inefficiencies.

2. Optimization
Using your results, suggest one change to the flight profile (e.g., thrust setting, climb
angle) to optimize the energy efficiency. Justify your suggestion with calculations or
reasoning.

NOTES: Solve all parts step-by-step. Clearly show all calculations, diagrams, and
justifications for your answers. Due in two weeks.



